With the aid of the natural fibration on a complex hyperbolic plane we study holomorphic helices of proper order 3 and show that they are not bounded if their second curvature is sufficiently large.
Introduction
is not bounded. On the contrary, it was showed in the preceding papers [6, 1, 4] that on a complex hyperbolic space there exist both infinitely many bounded circles and unbounded circles. These features depend on the curvature of circles and the holomorphic sectional curvature of the space (cf. [2] ). Since every circle on a complex hyperbolic space lies on a totally geodesic complex hyperbolic plane, in this short note we pay particular attention to helices of proper order 3 on a complex hyperbolic plane.
Complex torsions
For a helix γ of proper order d on a Kähler manifold with complex structure J and Riemannian metric , , we defined its complex torsions by τ i,j = V i , J V j , 1 i < j d, which are real analytic functions. In the study of helices on a Kähler manifold these complex torsions also play an important role as well as their curvatures. We call two smooth curve γ 1 , γ 2 on a Riemannian manifold which are parametrized by their arclength congruent if they can be identified under the action of the isometry group and translating parameters: That is there exist an isometry ϕ of the base manifold and a constant s 0 with γ 2 (s + s 0 ) = ϕ • γ 1 (s) for every s. On a nonflat complex space form, which is either a complex projective space or a complex hyperbolic space, two helices γ 1 , γ 2 are congruent if and only if they have the same proper order d and the same curvatures, and their complex torsions τ ij (s; γ 1 ), τ ij (s, γ 2 ) satisfy one of the following conditions (see [8] ):
We call a helix holomorphic if all its complex torsions are constant functions. On a nonflat complex space form a helix is holomorphic if and only if it is generated by some Killing vector field.
For circles of positive curvature κ 1 , as
we see they are holomorphic. On the contrary, for a helix of proper order 3 we have
Hence it is holomorphic if and only if τ 13 ≡ 0 and κ 1 τ 23 = κ 2 τ 12 hold. In particular, on a Kähler surface (i.e., Kähler manifold of complex dimension 2) we have the following [7] :
(1) The complex torsions of a holomorphic helix on M of curvature κ 1 , κ 2 are given by Therefore for a complex projective plane and a complex hyperbolic plane we see that the moduli space M 2 of helices of proper order 2 is identified with a band (0, ∞) × [0, 1], and that M 3 of holomorphic helices of proper order 3 is a quarter of a plane (0, ∞) × (0, ∞). In [5] and [3] we studied the structure of M 2 and showed that it has a natural lamination structure. We are hence interested in holomorphic helices of proper order 3. Our result is the following: For about circles on a complex hyperbolic plane CH 2 (−4), they are bounded if and only if their curvature κ 1 satisfies κ 1 > 2 (see [4] ). The reader should compare this result to our theorem. Theorem 2 guarantees that for about holomorphic helices of proper order 3 with second curvature κ 2 1/ √ 3 they are unbounded without any conditions on their first curvature.
Proof of theorem
In order to study curves on a complex hyperbolic space the natural fibration of anti-de Sitter space
is quite useful. For the sake of simplicity we only study holomorphic helices on a complex hyperbolic plane CH 2 (−4) of constant holomorphic sectional curvature −4. It is needless to say that this study is enough to show our theorem. For a holomorphic helix γ of proper order 3 we choose one of its horizontal liftγ with respect to the natural fibration :
where N is a unit normal vector field of H , which is also denoted by X, Y (see [4] ). Thus by regardingγ as a curve of a complex Euclidean space C 3 , we find it satisfies
We consider the characteristic equation 
has 4 different (real) zeros, where the double signs correspond to the signature of τ 12 .
In order to show our theorem it is enough to prove the cubic function f (Λ) = Λ 3 ± 
Thus the cubic function f has only one zero under our conditions, which leads us to our theorem. For the sake of completeness, we here give information on other cases. When 0 < κ 2 2 < 1/3, as the continuous function Since the function 2(1 − 4κ 2 2 ) −1 {2κ 4 2 − 5κ 2 2 + 1 + (1 − 3κ 2 2 ) 3/2 } with respect to κ 2 2 is monotone decreasing and convex on 0 < κ 2 2 < 1/3, and the function 2(4κ 2 2 − 1) −1 {−2κ 4 2 + 5κ 2 2 − 1 + (1 − 3κ 2 2 ) 3/2 } with respect to κ 2 2 is monotone decreasing and concave on 1/4 < κ 2 2 < 1/3, the moduli space of holomorphic helices of proper oder 3 is Fig. 1 . We find the boundary of the set of all congruence classes of bounded holomorphic helices of order 3 has a cusp at (κ 1 , κ 2 ) = (2 √ 6/3, √ 3/3).
Limit points at infinity
For a smooth unbounded curve γ on a Hadamard manifold M we define its point at infinity by (1) If it satisfies one of the conditions
2 ) 3/2 }, then it has two distinct points at infinity. In particular, it does not lie on any horosphere.
Proof. In the first case, as the cubic equation f (Λ) = 0 has two nonreal zeros, the assertion is trivial. In the case κ 1 = 2 √ 6/3, κ 2 = √ 3/3, as the equation f (Λ) = 0 has a triple zero ∓1/ √ 3, we seeγ is either of the form We should note that on a complex hyperbolic space CH n (−c) of constant holomorphic sectional curvature −c every circle of curvature √ c is a horocycle and every circle of curvature less than √ c is unbounded with two distinct points at infinity.
